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Abstract
Charged scalar eld is quantized in the background of a static d−2 - brane
which is a core of magnetic flux lines in flat d+1 - dimensional space-time. We
nd that vector potential of the magnetic core induces the energy-momentum
tensor in the vacuum. The tensor components are periodic functions of the
brane flux and holomorphic functions of space dimension. The dependence on
the distance from the brane and on the coupling to the space-time curvature
scalar is comprehensively analyzed.
1 Introduction
Since Casimir’s seminal paper [1] it has become clear that the eect of external
boundary conditions in quantum eld theory can be exposed as the emergence of
non-zero vacuum expectation value of the energy-momentum tensor (see, e.g. Refs.
[2, 3]). This may have far reaching consequences; in particular, the vacuum energy-
momentum tensor serves as a source of gravitation, and the so-called self-consistent
cosmological models of the Universe are proposed, where matter is absent and its
role is played by the vacuum quantum eects [4].
In this respect it seems to be of interest to look for various situations when the
vacuum energy-momentum tensor is calculable and nite. Let X be the base space
manifold of dimension d and Y be a submanifold of dimension less then d. The
matter eld is quantized under certain boundary condition imposed at Y . In most
implications of the Casimir eect, Y is chosen to be noncompact disconnected (e.g.




sphere), see Ref. [3]. In the present paper we choose Y to be noncompact connected
and possessing dimension d− 2, i.e. a d− 2 - brane in d-dimensional space. If such
a brane is lled with magnetic flux, then it can be regarded as a generalization of
the Bohm-Aharonov [5] magnetic vortex line in 3-dimensional space. If the matter
eld vanishes at Y , then the region where the matter eld is nonvanishing (out of Y )
does not overlap with the region where the background magnetic eld is nonvanishing
(inside Y ). Thus there is no eect of the background eld on the matter eld in
the framework of classical theory, and such an eect, if exists, is of purely quantum
nature. Conventional Bohm-Aharonov eect pertains to the quantum-mechanical
framework [5]. As is clear from the above, our interest will be in the quantum-eld-
theoretical framework (i.e. vacuum polarization in the background of the brane),
which, therefore, may be generally denoted as the Casimir-Bohm-Aharonov eect,
see also Ref. [6].
Throughout the present paper, we restrict ourselves to the case of scalar matter.
A peculiarity of this case is that the energy-momentum tensor depends on the cou-
pling () of scalar eld to scalar curvature of space-time even then when space-time
is flat. If scalar eld is massless, then conformal invariance of the theory is achieved





note that c varies from 0 to 1=4 when d varies from 1 to 1. Our analysis of vacuum
polarization eects in the background of the brane will be carried out for arbitrary
values of ; however results will be most impressive in the case of conformal coupling,
 = c. We shall nd out components of the induced vacuum energy-momentum
tensor as functions of the brane flux, distance from the brane and space dimension.
Expressions for components are especially simple in form in the case of massless
scalar eld, whereas in the massive case they are presented in terms of convergent
integrals of the Macdonald functions.
In the next section which is also introductory but more detailed, a general def-
inition of the energy-momentum tensor for the quantized charged scalar eld is
reviewed and a starting expression for its regularized vacuum expectation value in
the background of the brane is given. In Section 3 which is central in the paper, the
regularized vacuum tensor components are computed, and in Section 4 the renormal-
ized vacuum tensor components are obtained. Various aspects of the latter result
are examined in the following sections: asymptotic behaviour at large and small
distances from the brane (Section 5), expressions at xed values of the brane flux
when tensor components have maximal absolute values (Section 6), dependence on
the -parameter (Section 7). Finally, results are summarized in Section 8. Some
details in the derivation of results are outlined in Appendices A and B.
2
2 Energy-momentum tensor and its vacuum
expectation value
The energy-momentum tensor for the quantized charged scalar eld Ψ(x) is given
by expression
T µν = T µνcan +  (g



















rµΨy;rµΨ+ − 12 (m2 + R Ψy;Ψ+ ; (2.3)
rµ is the covariant derivative involving both ane and bundle connections,
= rµrµ is the covariant d’alembertian, Rµν is the Ricci tensor and R = gµνRµν
is the scalar curvature of space-time, signature of space-time metric gµν is chosen as
(+ − : : :−). Canonical tensor (2.2) is obtained by applying Noether’s theorem to
lagrangian (2.3), whereas tensor (2.1) is obtained by variating L (2.3) over metric
tensor gµν .
Eq.(2.1) can be rewritten in a form












is the canonical tensor corresponding to lagrangian ~L which diers from L(2.3) by
a total divergence:






































Ψy = 0 ; (2.7)
but ~L is strictly vanishing on the solutions to equations of motion. In fact, ~L is
used as a lagrangian in the path integral approach to quantization, since namely ~L
is directly related to the inverse propagator of quantized scalar eld.

































where d is the dimension of space. Thus, there is a distinctive value of parameter
 ( = c, see Eq.(1.1)) under which the trace of the energy-momentum tensor
becomes proportional to the mass squared,
gµνT






and the tracelessness of T µν and conformal invariance are achieved in the massless
limit (m = 0).
In the case of a static background (r0 = @0; g00 = 1), the operator of the

















Here, ayλ and aλ (b
y
λ and bλ) are the scalar particle (antiparticle) creation and an-
nihilation operators satisfying commutation relation;  is the set of parameters




denotes summation over discrete and integration (with a certain measure)
over continuous values of ; wave functions  λ(x) are the solutions to the stationary
equation of motion, −4+ [m2 + R(x)]} λ(x) = E2λ (x); (2.12)
4 =∇2 is the covariant laplacian. For components of the vacuum expectation value
of the energy-momentum tensor,



















































= 1; d; (2.15)
4
note that the t0j components are vanishing, and relations R00(x) = 0 and
@0 [Ψ
+;Ψ]+ = 0 have been taken into account.
However, relations (2.14) and (2.15) can be regarded as purely formal and,
strictly speaking, meaningless: they are ill-dened, suering from ultraviolet di-
vergencies. The well-dened quantities are obtained by inserting an inverse energy
























































= 1; d: (2.17)
Sums (integrals) are convergent in the case of Re s > d=2 . Thus, summation
(integration) is performed in this case, and then the result is analytically continued
to the case of s = −1=2. This way of dealing with ultraviolet divergencies is known
as the zeta function regularization procedure [10, 11, 12].
It is amazing, as is already mentioned in Introduction, that the energy-momentum
tensor and, consequently, its vacuum expectation value remain to be dependent on
parameter  even in the case of flat space-time (R = 0). If scalar eld is quantized
in the background of a static magnetic eld in flat space-time, then the covariant
derivative is dened as










and the magnetic eld strength takes form
Bj1jd−2(x) = −"j1jd@jd−1Vjd(x) ; (2.19)
where V(x) is the bundle connection (vector potential of the magnetic eld), and
"j1jd is the totally antisymmetric tensor, "12d = 1.
In the present paper we consider the bundle curvature (magnetic eld strength)
to be nonvanishing in the d−2 - brane (i.e. point in the d = 2 case, line in the d = 3
case, plane in the d = 4 case, and d− 2 - hypersurface in the d > 4 case). Denoting
the location of the d− 2 - brane by x1 = x2 = 0, one gets
B3d(x) = 2(x1)(x2) ; (2.20)
where  is the total flux (in the units of 2) of the bundle curvature; then the bundle
connection can be chosen in the form:
V 1(x) = − x
2
(x1)2 + (x2)2




V j(x) = 0 ; j = 3; d : (2.21)
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The complete set of regular solutions to Eq.(2.12) in background (2.18)-(2.19) is
given by functions (see e.g. Ref [6])
 knp (x) = (2)
1−d
2 Jjn−Φj(kr)einϕeipxd−2 ; (2.22)
where
0 < k <1 ; n 2 Z ; −1 < pj <1 ; j = 3; d ; (2.23)
Jµ(u) is the Bessel function of order  , r =
q




xd−2 = (0; 0; x3; : : : xd), and Z is the set of integers. Since solutions (2.22) cor-
respond to the continuous spectrum (Eknp =
p
p2 + k2 +m2 > m), they obey
orthonormality conditionZ
ddx  knp (x) k0n0p 0 (x) =
1
k
(k − k0)nn0(p− p
0
) : (2.24)
Taking all the above into account, we get following expressions for the nonvanishing









































































4r~t 00reg(s+ 1) ; j = 3; d ; (2.28)
where 4r = @2r + r−1@r is the transverse radial part of the laplacian and













Dening the fractional part of the flux,
F = − [[]] ; 0  F < 1 ; (2.30)
where [[u]] is the integer part of quantity u (i.e. the integer which is less than or
equal to u), one can note that tensor components (2.25)-(2.28) are periodic function
of flux , since they depend only on F (being symmetric under F ! 1− F ) .
3 Regularized vacuum expectation value
Let us start by considering quantity










































J2µ(z) ;  > 0 (3.4)




d [JF ()J−1+F () + J−F ()J1−F ()] ; 0 < F < 1 : (3.5)









































du e−u[Iµ−1(u)− Iµ(u)] ;  > 0 ; (3.8)






























is the incomplete gamma function. Although relation (3.9) has been derived at
Re s > d
2
− 1, it can be continued analytically to the whole complex s-plane. Intro-
ducing complementary function
Γ(z; w) = Γ(z)− γ(z; w) =
1Z
w
d  z−1e−τ ;







































































































































Then we derive relations















































Consequently, temporal and longitudinal components of the regularized vacuum



























2 − 1 cosh[(2F − 1) arccosh ]
 s− d2−1
n
[−s + (1− 4)2]K d
2

















































Let us turn now to transverse components of the regularized vacuum energy-























~t 00reg(s+ 1) ; (3.18)
tϕϕreg(s) =

























































































(1 + F )






(2− F ) J2−1+F (kr)− J21−F (kr)−
− F (1− F )
kr




(1− F ) J2−F (kr)− J2F (kr)+ 12F





F (1− F )
kr
[JF (kr)J−1+F (kr) + J−F (kr)J1−F (kr)] ; (3.26)
and 0(kr) is given by Eq.(3.5). Thus, Eq.(3.20) takes form























−s−1 ~a(kr) ; a = 1; 2 : (3.29)
The integral in Eq.(3.28) has been already encountered during the analysis of




















































du e−u[KF (u) +K1−F (u)]γ






































du e−u[KF (u) +K1−F (u)]γ








Although relations (3.31) and (3.32) have been derived at Re s > d
2
− 1, they
can be continued analytically to the whole complex s-plane. Using integration by
parts in  -integrals and relations (3.11), (3.12) and





2 − 1 cosh[(2F − 1) arccosh ]e
−2τυ2 ; (3.33)
we get
~Ω1(s)−m2 ~Ω1(s+ 1) =
=
4 sin(F)
























~Ω2(s)−m2 ~Ω2(s+ 1) =
=
4 sin(F)

























Thus, we obtain following expressions for transverse components of the regular-


























2 − 1 cosh[(2F − 1) arccosh 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2 − 1 cosh[(2F − 1) arccosh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k2 +m2 + y2
; 0 < Re z < 1 ; (3.38)
then we get components of the regularized vacuum energy-momentum tensor in the





































































































w2 −m2r2 d2−s 

n



















w2 −m2r2 d2−s−2 f2[F (1− F )− 2]KF (w)K1−F (w)+
+w

FK2F (w) + (1− F )K21−F (w)



























w2 −m2r2 d2−s 

n

















w2 −m2r2 d2−s−2 f2[F (1− F )− 2]KF (w)K1−F (w)+
+w

(F − 4)K2F (w) + (1− F − 4)K21−F (w)
 }9=; : (3.42)
Whereas expressions (3.16), (3.17), (3.36) and (3.37)are dened on the whole
complex s-plane, expressions (3.38) - (3.42) are dened on a half-plane Re s < d=2−1.
4 Renormalized vacuum expectation value
In the absence of the d− 2 - brane (i.e. at  = 0) expressions (3.16), (3.17), (3.36)






















These quantities are eliminated by the requirement of the normal ordering of the
operator product in the case of noninteracting quantized eld. For consistency with
the noninteracting case, one has to subtract quantities (4.1) from the regularized
expressions corresponding to the interaction with the background. Then taking limit
s! −1
2





which is of physical interest. Its components are given by expressions:












2 − 1 cosh[(2F − 1) arccosh ]
 − d+32
n
[1 + 2(1− 4)2]K d+1
2

















2 − 1 cosh[(2F − 1) arccosh 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2 − 1 cosh[(2F − 1) arccosh 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or, in the alternative representation,








































w2 −m2r2 d+12 

n
















w2 −m2r2 d−32 



































w2 −m2r2 d−32 f2 [F (1− F )− 2]KF (w)K1−F (w)+
+w

(F − 4)K2F (w) + (1− F − 4)K21−F (w)
}9=; : (4.8)
One can verify that relation
(@r + r
−1)trrren − r tϕϕren = 0 ; (4.9)
is valid; consequently, the vacuum energy-momentum tensor is conserved:
rµtµνren = 0 : (4.10)







































As follows from the last relation, the trace becomes proportional to the mass squared
in the case of  = c (1.1), which is in accordance with general relation (2.10).
To conclude this Sector, we present the vacuum energy-momentum tensor in the
Cartesian coordinate frame:
" 0 0
0 P 1 1
2







































5 Asymptotics at large and small distances from
the brane
Components of the vacuum energy-momentum tensor depend on the distance from
the brane in the transverse direction. Using representation (4.6)-(4.8), it is straight-
































































































; mr  1 :
(5.3)




































































































; mr  1 : (5.6)
Evidently, leading terms in the expression in Eqs.(5.4)-(5.6) yield us vacuum energy-
momentum tensor in the strictly massless case (m = 0). We see that in this case the
tensor components are characterized by a simple power dependence on the distance
from the brane.
6 Half-integer values of the brane flux
As has been already noted, the vacuum energy-momentum tensor is periodic in the
value of the brane flux (i.e. depends on its fractional value only), vanishing at its
integer values (F = 0) and being symmetric under change F ! 1 − F . Moreover,
as it follows from Eqs. (4.3)-(4.5) (or (4.6)-(4.8)), maximal absolute values of the
tensor components are achieved at half-integer values of the brane flux (F = 1
2
).




























































































In Appendix B we show that integration in Eqs.(6.1) - (6.3) can be performed in
the case of physical values of space dimension (d 2 Z; d  2). As a result, quantities
(6.1) - (6.3) are expressed in terms of Macdonald functionKµ(u) and modied Struve
function Lµ(u) of integer order in the case of even d, and in terms of the integral
exponential function E1(u) (see e.g. Ref.[14]) and elementary functions in the case






















































− mr [K0(2mr)L−1(2mr) +K1(2mr)L0(2mr)]−
−(1− 6)(mr)−1K0(2mr)− [1 + (1− 6)(mr)−2]K1(2mr)
}

















































































; d = 3 : (6.9)
Expressions in cases of arbitrary even and odd values of space dimension are
given in Appendix B (see Eqs. (B.6) - (B.11)).
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7 The strong energy condition and its violation
Energy-momentum tensor of the physically reasonable classical matter satises the
strong energy condition [15]
T µνuµuν − 1
2
gµνT
µν  0 ; (7.1)
where uµ is a time-like vector (u
µuµ = 1). To check, whether the vacuum energy-
momentum tensor in the background of the d − 2-brane 2 satises condition (7.1),
it is sucient to analyze three quantities: tooren − 12gµνtµνren, t00ren + trrren, t00ren + r2tϕϕren.

























































































 [d(c − ) + F (1− F )]r−d−1 ; (7.4)
where c is given by Eq. (1.1).
All quantities (7.2)-(7.4) are simultaneously nonnegative only at
c    c + 12F (1− F ) ; d = 2 ;
c    c + 2F (1− F )
(d− 2)(d− 1)d(d+ 1) ; d  3 ;
(7.5)
then the strong energy condition is satised by the vacuum energy-momentum tensor
of the quantized massless scalar matter in the background of the brane. If F is
innitesimally close to 0 or to 1, then the condition is satised only at  = c), i.e.
when conformal invariance is maintained. Note, that in the conformally invariant
case the strong energy coincides, as a consequence of the vanishing trace, with the
weak energy one [15].
A similar analysis is carried out for the quantized massive scalar matter. Al-
though, using Eqs. (5.1)-(5.3), we nd that the strong and weak energy conditions
are satised at  = 1
4
at asymptotically large distances from the brane, both condi-
tions are violated at intermediate distances for all values of .
2In this Section we consider physical values of space dimension: d  2
20
The temporal component of the vacuum tensor (i.e. energy density) is positive
at  > 1
4
and negative at  < 0. Transverse components of the vacuum tensor are
also of opposite signs at  > 1
4
and at  < 0: the radial one is of the same and the
angular one is of the opposite to the sign of the temporal component. The region
0 <  < 1
4
or, more precisely, the vicinity of  = c is distinguished as the region
where all components change their signs. Transverse components change their signs
at a certain value of  simultaneously for all distances from the brane. In contrast
to this, the temporal component is positive at small distances and negative at large
distances for a certain, dependent on the value of the brane flux, vicinity of the
point  = c.
This situation is illustrated by Figures 1-3. Here variable mr is along x-axis, and


















at d = 2 and d = 3. We see from Fig.2 that the vacuum energy density at  = c









 −0:00386 (d = 3).
To conclude this section, we present general expressions for the vacuum tensor














d cosh[(2F − 1) arccosh 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 cosh[(2F − 1) arccosh ]− d+32 
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]− d+32 

p













Vacuum energy density 7.6 has minimum at r = rmin where rmin is determined













d cosh[(2F − 1) arccosh ]− d+32
np















= 0 : (7.9)
8 Summary
We have shown that the vacuum of the quantized charged scalar eld is polarized
in the background of a static magnetic d − 2 - brane in flat d + 1 - dimensional
space-time. Vector potential of the brane induces a nite energy-momentum tensor
in the vacuum; therefore, this eect may be denoted as the Casimir-Bohm-Aharonov
eect. Tensor components depend periodically on the brane flux (), vanishing at
its integer values ( = n), and attaining maximal absolute values at its half-integer
values ( = n+ 1
2
). A remarkable feature is a possibility of analytic continuation in
space dimension: representation (4.3)-(4.5) yields holomorphic functions of d on the
whole complex d-plane, and representation (4.6)-(4.8) yields holomorphic functions
of d on a half-plane Re d > 1. The tensor components decrease exponentially at large
distances from the brane, see Eqs.(5.1)-(5.3). If the mass of scalar eld is zero, then
expressions for tensor components are simplied (considerably, see Eqs.(5.4)-(5.6)).
Strong and weak energy conditions [15] are usually violated by vacuum polar-
ization eects of quantized elds: in particular, this happens in most cases of the
conventional Casimir eect [3]. However, we have found that these conditions are
satised by the vacuum energy-momentum tensor of conformally invariant ( = c)
massless scalar eld quantized in the background of the d − 2 - brane. Thus, the
latter vacuum is somewhat similar to the medium of classical matter.
Although the strong and weak energy conditions are violated for all values of
 in the case of massive scalar eld quantized in the background of the brane,
the conformal coupling ( = c) is distinctive in the massive case also. The vacuum
tensor components at  = c are given by Eqs.(7.6)-(7.8). Qualitatively, the temporal
component (energy density) is positive power divergent at small distances from the
brane, decreases with the increase of the distance, passes zero, becomes negative and
reaches minimum at r  m−1, then increases and reaches zero asymptotically from
below with exponential behaviour. This is distinct from the conventional Casimir
eect, which corresponds to the vacuum energy density being space independent
constant, either negative or positive [3]. We present also expressions for the vacuum
tensor components at half-integer values of the brane flux in the case of physical
value of space dimension (d = n  2), see Eqs.(6.4)-(6.9) and, generally, Eqs.(B.6)-
(B.11).
Although we used zeta function regularization in the present paper, it can be
shown that components of the renormalized vacuum energy-momentum tensor are
regularization scheme independent. In fact, this has been already shown for the
temporal component at  = 1
4
in Ref.[16]. The key point of Ref.[16] is that the
22
heat kernel in the presence of the d − 2 - brane coincides actually with the heat
kernel in its absence, and then, basing on this fact, it can be proved that the use of
zeta function regularization leads to renormalized quantities which are regularization
scheme independent.
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Appendix A



















k2 + y2 +m2
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(2− F ) J2−1+F (kr)− J21−F (kr)−
− F (1− F )
kr
























(1− F ) J2−F (kr)− J2F (kr)+ 12F J2−1+F (kr)− J21−F (kr)+
+
F (1− F )
kr
[JF (kr)J−1+F (kr) + J1−F (kr)J−F (kr)]

: (A.3)

































m2 + y2)K1−F (r
p
m2 + y2) + I1−F (r
p






Introducing integration variable w = r
p
m2 + y2 and using identity




















w2 −m2r2d2−sKF (w)K1−F (w) : (A.6)
Although our derivation is valid for a strip d
2
< Re s < d
2
+ 1 (see Eq.(3.38)), the
result, Eq.(A.6), is analytically continued to half-plane Re s < d
2
+ 1. Accordingly,























































into account, we obtain relations (3.39) and (3.40).
In a similar way as Eq.(A.6), we get relations











w2 −m2r2 d2−s−1 
 2F (1− F )KF (w)K1−F (w) + (1 + F )wK2F (w) + (2− F )wK21−F (w) ; (A.9)
~Ω2(s) = r











w2 −m2r2 d2−s−1 
 2F (1− F )KF (w)K1−F (w)− (1− F )wK2F (w)− FwK21−F (w) ; (A.10)
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which are analytically continued from strip d
2
−1 < Re s < d
2
to half-plane Re s < d
2
.
Accordingly, ~Ω1(s+ 1) and ~Ω2(s+ 1) are dened on half-plane Re s <
d
2
− 1 . Thus,
we can obtain expression for dierences ~Ω1(s)−m2 ~Ω1(s+1) and ~Ω2(s)−m2 ~Ω2(s+1)
which are valid on half-plane Re s < d
2
−1 ; note also that contribution of rst terms
in the right-hand sides of Eqs.(A.7) and (A.8) is cancelled.
Taking relations (3.18) and (3.19) into account, we obtain relations (3.41) and
(3.42).
Appendix B

















































































we perform integration in Eqs. (6.1) - (6.3). Further, in the case of odd space
dimension we use representation of the Macdonald function of half-integer order
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Γ(l + n+ 1)
























































[1− (1− 4)(2N + 1)] (mr)−NKN+1(2mr)
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Γ(N + l + 2)(mr)−N−l−1
22l+1Γ(l + 1)Γ(N − l + 2)
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22l+1Γ(l + 1)Γ(N − l + 2)
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Figure 1:  = 0 a) d = 2, b) d = 3.
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Figure 2:  = c a) d = 2, b) d = 3.
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Figure 3:  = 1=4 a) d = 2, b) d = 3.
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